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Introduction

n > 2
e I, : free group of rank n
e Aut F,, : automorphism group of F),
o H := F2® = H (F,,7) = 79"
H x Aut Fn — H

(x,0) — x?

o A, := Ker(Aut F;, — Aut(H))
R

IA-automorphism group of Fj,




Mapping class group

g=>1
- d

e Mjq:= Diff"‘(Eg,l, 0) /isotopy
H:= Hi(241,2) ~ Mg1

e 7,1 :=Ker(Mgy1 — Aut(H))

A
Torelli subgroup of M, 1




5

[’Iﬁ‘heorem. (Dehn, Nielsen) g > 1
L. Mg’]_ — Aut FZQ
u (-
Y \ X, ¢ r,..)

Ig,1 — IAgg

. J

:_Eroblem‘ For n > 3

Find a presentation for IA,,.

. _ Y

Johnsenn 1980
e Johnson homomorphisms

IAp = An(1) D Ap(2) D ---
gr’;(An) = An(k)/ An(k + 1)

“one by one Orrrox:moﬂon “ of IAn




Lower central series of F),

e I'y,(k) : lower c. s. of Fj,

(1) := F,, T'y(k) := [Tu(k — 1), Fy]

Tn(1) D Tn(2) D Tn(3) D -+
Fa  [FaFa
o Ln(k) := Tp(k)/Tn(k + 1)

~

/Egc_t. (Magnus, Witt, Hall) n > 2
(i) Ln(k) : free abelian group

(1) rankgLa(k) = o 3 p(d)nk/?

T dlk
. P

p: Mébiug $et,

Lath) :“well known”




Johnson filtration of Aut F,

AaFn

k> 1 F/E )
o A, (k) :=
Ker(Aut F,, — Aut(F,/Ty(k+ 1))

An(1) D An(2) D -
| N
1A, ~ Johnson Filtration
o S. Andreadakis, 1965

[An(k), An(®) C An(k + 1)

o gr(An) := An(k)/An(k + 1)



Johnson homomorphisms

ok >1,

3 : gr*(An) — Homg(H, La(k + 1))

o — (r— x1z%)

the k-th Johnson hom. of Aut F,,
GUIN Z) -eguiv, injective

e Basic problem

Im(7g), Coker(r) =7

p————— —




Some Facts

(1) (Magnus, 1935)
IA,, is generated by

— ol
K;;:x;— x;” x4,

szk: 0 o o [acj,a:k], ] <k
(2) (Andreadakis, 1965)

71 : gri(Ay) — H*QzA’H
HY:s Hom(H,2)
(3) (Cohen-Pakianathan, Farb, Kawazumi)

Hi1(IAn,7Z) & H*QyA’H
1
IAnab
[K’LJ]’ [K’ij] : Z-free basis



- (4) (S., 2004)
Coker(ms) = S?H

Coker(73 o) = SSH@ S A3HQ
Tha =T@ig  Hg:HO,B
(5) (Morita)
k> 2
Coker(7g,g) D SkH@

Movita obst,
KProblem‘ n>3 k>4

COkeI‘(Tk,Q) = !




Lower central series of IA,,

o A/ (k) : Lower c. s. of IA,,

Ay (1) D Ap(2) D An(?’) DR

] "
Al (1) D AL(2) D «4;,(3) s

(Conjecture. For n > 3, k > 3,
An(k) A; (k)

o grf(A}) = A, (k) /AL (K + 1)

74t 8r°(AL) — H*Qy Ly (k + 1)

c > (2= X'%x%)




_/Problelin.; For n > 3, k > 4,

Determine Coker(7y,).

p—

e Using the Magnus generators,

we obtain generators of
gré(Ay,).
[Ky, Kisk , -, K

e We can give a lower bound on

ranky gr®(Ay).

e Application to the study of
Hs(IAp, 7).




e Im(7{) = H*®yA*H
e Coker(74) = S?H

0 Coker(Té,Q) = S3HQ & A3HQ

[Faciisa."
(1) (S. Morita) k > 2,
Coker('r,g,Q) D SkHQ

(2) 3<k<n, k:odd,
Coker(7;, o) D A*Hg

3)4<k<n-—2, k: even,

» k—2
_Coker(Té’Q) D H(g’l |




Main Theorem

(The(_)rem._‘ (S., 2008) For n > 6,

Coker(Ti,Q)
- S4HQ D H(g,l,l] D Hgaz]

o m’;v type

g
dimg(Coker(7,q)) |

— Elin(n +1)(n + 2)(n + 3)
+in(n 4+ 1)(n — 1)(n — 2)

—I—%nz(n2 —1)




(Corollary.

rankyz(grt(A,))
> wn?(n* — 1) — dimg(Coker(7;))




Trace maps

We consider to detect the

obstructions by “Trace maps”.

e For k > 1
Lo(k) — H®F

(X, Y] » XQY -Y®X

e H*® Ly(k+1) » H* @ H®(k+1)




e Contraction

a:;‘@:cjl@---@:nij P

. | v
= Z; (sz) Ty Qe QT

&t H*® Ln(k + 1) — HOF




Morita trace

o f: H® 5 SEIT  “abelianization”
TI‘[k] = f O (I)Ilc o

H* ®y Ln(k+1) > SFH

‘Theorem. (Morita) = > 3, k > 2,

(1) Trpg) is surjective.

(2) Tr(j) vanishes on Im('rk)

\ . J

Coker(1g,g) D SkHQ




k—2
Trace map for Hg’l |

eg: H® — H®y; A*1H

k—2
H@@ZAk_l.HQgHg’l ]@AkHQ

s

N 2
o) Tr[z,lk—2] =g O (I)k

Theorem. (S., 2004)

For 4 < k< n-—2, k: even,
2,1’6—2
(1) (T ) = Hy™' .

(2) Trpy k—2) vanishes on Im(7).

k—2
Coker('r,:;,@) D Hg’l |




Trace map for H([Q? 2]

o HI22l >~ (A2H ®y A2H)/ ~

(@aAb)-(cAd):=[(aAb)® (cAd)]

o f; : H®* 5 HI22] ;=1 2

(anc)-(bAA), =1

[ ReRBREE L) = {(a/\d) .(bAC), i=2

® Trig o1 := f1 0 B — 2(f2 0 B})

i




) /Theorentr‘l‘. (S., 2008) For n > 6,

\

(1) Trpp o) is surjective.

(2) Tf'[z,z] vanishes on Im(fréi).

Coker('rzi,(@) - H5,2]




