45 SLIDES ON CHAIN DUALITY

ANDREW RANICKI

Abstract The texts of 45 slides' on the applications of chain duality to the ho-
mological analysis of the singularities of Poincaré complexes, the double points of
maps of manifolds, and to surgery theory.

1. INTRODUCTION
e Poincaré duality
H"*(M) = H.(M)

is the basic algebraic property of an n-dimensional manifold M.
e A chain complex C' with n-dimensional Poincaré duality

H"*(C) = H.(C)

is an algebraic model for an n-dimensional manifold, generalizing the intersection
form.

e Spaces with Poincaré duality (such as manifolds) determine Poincaré dual-
ity chain complexes in additive categories with chain duality, giving rise to
interesting invariants, old and new.

2. WHAT IS CHAIN DUALITY"?

e A = additive category.
o B(A) = additive category of finite chain complexes in A .
e A contravariant additive functor T': A — B (A) extends to

T:B(A)—B(A); C—-T(C)

by the total double complex

T(C)h= Y T(Cp)q-

p+q=n

o Definition: A chain duality (T,e) on A is a contravariant additive functor
T : A — B(A), together with a natural transformatione : T2 — 1: A — B (A)
such that for each object A in A :

—e(T(A4).T(e(4) =1: T(A) — T(4),
— ¢e(A): T?(A) — A is a chain equivalence.

1The lecture at the conference on Surgery and Geometric Topology, Josai University, Japan
on 17 September, 1996 used slides 1.—36.
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3. PROPERTIES OF CHAIN DUALITY

The dual of an object A is a chain complex T'(A).

The dual of a chain complex C'is a chain complex T'(C).
Motivated by Verdier duality in sheaf theory.

A Ranicki, Algebraic L-theory and topological manifolds,
Tracts in Mathematics 102, Cambridge (1992)

4. INVOLUTIONS

An involution (T, e) on an additive category A is a chain duality such that
T(A) is a 0-dimensional chain complex (= object) for each object A in A,
with e(A) : T?(A) — A an isomorphism.
Example: An involution R — R;r — 7on aring R determines the involution
(T,e) on the additive category A(R) of f.g. free left R-modules:

— T(A) = Hompg(A, R)

~ RxT(A) = T(A); (r, f) = (& = f(@)7)

— (AT A TAA) s & — (f — f(2).

5. MANIFOLDS AND HOMEOMORPHISMS UP TO HOMOTOPY

Traditional questions of surgery theory:
— Is a space with Poincaré duality homotopy equivalent to a
manifold?
— Is a homotopy equivalence of manifolds homotopic to a
homeomorphism?
Answered for dimensions > 5 by surgery exact sequence in terms of the
assembly map

A Ho(X;Lo(Z)) — Lo (Z[r1(X)]) -

L-theory of additive categories with involution suffices for surgery groups
L (Z[m (X))
Need chain duality for the generalized homology groups H,.(X;Le(Z)) and A.

6. MANIFOLDS AND HOMEOMORPHISMS

Will use chain duality to answer questions of the type:
— Is a space with Poincaré duality a manifold?
— Is a homotopy equivalence of manifolds a homeomorphism?

7. CONTROLLED TOPOLOGY

Controlled topology (Chapman-Ferry-Quinn) considers:
— the approximation of manifolds by Poincaré complexes,
— the approximation of homeomorphisms of manifolds by homotopy equiv-
alences.
Philosophy of controlled topology, with control map 1: X — X :
— A Poincaré complex X is a homology manifold if and only if it is an
e-controlled Poincaré complex for all € > 0.
— A map of homology manifolds f : M — X has contractible point inverses
if and only if it is an e-controlled homotopy equivalence for all € > 0.
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8. SIMPLICIAL COMPLEXES

In dealing with applications of chain duality to topology will only work with
(connected, finite) simplicial complexes and (oriented) polyhedral homology
manifolds and Poincaré complexes.
Can also work with A-sets and topological spaces, using the methods of:

— M.Weiss, Visible L-theory, Forum Math. 4, 465-498 (1992)

— S.Hutt, Poincaré sheaves on topological spaces, Trans. A.M.S. (1996)

9. SIMPLICIAL CONTROL

Additive category A(Z, X) of X-controlled Z-modules for a simplicial complex
X.
— A.Ranicki and M.Weiss, Chain complexes and assembly, Math. Z. 204,
157-186 (1990)
Will use chain duality on A(Z, X) to obtain homological obstructions for de-
ciding:
— Is a simplicial Poincaré complex X a homology manifold?
(Singularities)
— Does a degree 1 map f : M — X of polyhedral homology manifolds have
acyclic point inverses? (Double points)

Acyclic point inverses H, (f~!(z)) = 0 is analogue of homeomorphism in the
world of homology.

10. THE X-CONTROLLED Z-MODULE CATEGORY A(Z, X)

e X = simplicial complex.
e A (Z,X)-module is a finitely generated free Z-module A with direct sum

decomposition

A= Al).

ceX
A (Z, X)-module morphism f : A — B is a Z-module morphism such that

f(A(@) €Y B(7) .

Proposition: A (Z, X)-module chain map f : C — D is a chain equivalence
if and only if the Z-module chain maps

flo,0) : C(6) — D(o) (c € X)

are chain equivalences.

11. FUNCTORIAL FORMULATION

Regard simplicial complex X as the category with:
— objects: simplexes 0 € X
— morphisms: face inclusions o < 7.

A (Z, X)-module A= Y A(c) determines a contravariant functor
ceX

[A] : X — A(Z) = {f.g. free abelian groups} ; ¢ — [A][o] = Z A(r) .

T>0
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The (Z, X )-module category A(Z, X) is a full subcategory of the category of
contravariant functors X — A(Z).
12. DUAL CELLS

The barycentric subdivision X’ of X is the simplicial complex with one n-
simplex 00 .. .0, for each sequence of simplexes in X

oo <o << 0op .
The dual cell of a simplex o € X is the contractible subcomplex
D(0,X) = {06001...0n|0 <00} C X',
with boundary
0D(0,X) = {0001...0n|0 <00} C D(0,X) .

e Introduced by Poincaré to prove duality.
e A simplicial map f : M — X' has acyclic point inverses if and only if

(fD)« s Ho(f7'D(0, X)) = H.(D(0, X)) (0 € X) .

13. WHERE DO (Z, X)-MODULE CHAIN COMPLEXES COME FROM?

For any simplicial map f : M — X’ the simplicial chain complex A(M) is a
(Z, X)-module chain complex:

A(M)(0) = A(f'D(0, X), f~10D(0, X))
with a degreewise direct sum decomposition
[AMM))[o] = Y AM)(r) = A(f 7' D(0, X)) .

The simplicial cochain complex A(X)™* is a (Z, X)-module chain complex
with:
Z ifr=—|o]

0 otherwise.

14. THE (Z, X)-MODULE CHAIN DUALITY

Proposition: The additive category A(Z, X) of (Z, X)-modules has a chain
duality (T, e) with

Homgz(Homz, x)(A(X)™*, A),Z)

TA(0) = [Allo]”1~

> Homgz(A(7),Z) ifr=—|0o
T(A),(0) = {57

0 if r £ —|o]

o T(C) ~z Homz, x)(C,A(X'))™* ~z Homz(C,Z)~*
o T(A(X')) ~@zx) AX)™*
e Terminology T(C)"* = T(Citn) (n>0)
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15. PRODUCTS
The product of (Z, X)-modules A, B is the (Z, X )-module

A®ezxyB= > AN @zB(u) CAczB,
A UEX AN pAD

(A®@x) B)o)= Y, AN ®zBy) .
A peX, ANp=0o
° C®(Z,X) A(X/) ~(z,X) C.
° T(C) Q(z,X) D ~y Hom(Z7X)(C, D) .
e For simplicial maps f: M — X', g: N — X'
— A(M) ®@z,x) AN) ~z,x) A((f x 9) ' Ax)
— TA(M) @z, x) TAN) oz A(M x N, M x N\(f x )" Ax)~*

16. CAP PRODUCT
The Alexander-Whitney diagonal chain approximation
A:AX) - AX') @z AX') ;

n

(Zo...7n) HZ(%...@)@(@...%H)

=0

is the composite of a chain equivalence
A(X') ~z.x) AX) @@ x) AX)
and the inclusion
A(X) ®@,x) AX') € AX) @z AX) .

)
Homology classes [X] € H,(X) are in one-one correspondence with the chain
homotopy classes of (Z, X)-module chain maps

X]N— : AX)"™ — A(X).

17. HOMOLOGY MANIFOLDS

Definition: A simplicial complex X is an n-dimensional homology manifold
if

Z if x =
H.(X,X\5) = BEEN s eXx).

0 otherwise
Proposition: A simplicial complex X is an n-dimensional homology manifold
if and only if there exists a homology class [X] € H,(X) such that the cap
product

(X]Nn—: AX)"* — A(X')

is a (Z, X )-module chain equivalence.
Proof: For any simplicial complex X

H*(XvX\a) = H*_|g|(D(U,X),8D(O',X))7

Z ifx=n

ce X).
0 otherwise ( )

H"*(D(0, X)) = {
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18. POINCARE COMPLEXES

e Definition: An n-dimensional Poincaré complex X is a simplicial complex
with a homology class [X] € H,(X) such that

[X]N—: H"(X) 2= H,(X) .

e Poincaré duality theorem: An n-dimensional homology manifold X is an
n-dimensional Poincaré complex.
e Proof: A (Z,X)-module chain equivalence

[X]N—: AX)"* — A(X')

is a Z-module chain equivalence.
o There is also a Z[m (X)]-version.

19. McCRORY’S THEOREM

e X = n-dimensional Poincaré complex
— X x X is a 2n-dimensional Poincaré complex.
— Let V € H"(X x X) be the Poincaré dual of A,[X] € H,(X x X).
— Exact sequence

H™M(X x X, X x X\Ax) — H"(X x X) > H"(X x X\Ax) .

Theorem (McCrory) X is an n-dimensional homology manifold if and

only if V" has image 0 € H™(X x X\Ax).

e A characterization of homology manifolds, J. Lond. Math. Soc. 16 (2), 149—
159 (1977)

20. CHAIN DUALITY PROOF OF MCCRORY’S THEOREM

e V has image 0 € H"(X x X\Ax) if and only if there exists U € H"(X x
X, X x X\Ax) with image V.

U is a chain homotopy class of (Z, X )-module chain maps A(X') — A(X)"*,
since

H"(X x X, X x X\Ax) = Ho(TA(X) ®z.x) TA(X))
= Ho(Homz, x)(A(X'), A(X)"™)) .

U is a chain homotopy inverse of
6= [X]N—: AX)"™ — AX)
with

6U = 1€ Hy(Homz,x)(A(X'), A(X"))) = HO(X) ,
6=To . (TU)$ = (TU)(T¢) = T(9U) = 1.
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21. THE HOMOLOGY TANGENT BUNDLE

The tangent bundle 7x of a manifold X is the normal bundle of the diagonal
embedding

AX X xX;z—(x,2).
The homology tangent bundle 7x of an n-dimensional homology manifold X
is the fibration

(X, X\{*}) —— (X x X, X x X\\Ax) —— X

with X x X — X;(z,y) — .
Thom space of 7x

T(rx) = (X x X)/(X x X\Ax) .

Thom class of 7x
Ue H'(T(rx)) = H'(X x X, X x X\Ax)
has image V € H"(X x X).
22. EULER

The Euler characteristic of a simplicial complex X is

[e )

X(X) = (=) dimg H(X;R) € Z .

r=0

For an n-dimensional Poincaré complex X
x(X)=A"(V)e H"(X)=17Z.
The Euler class of n-plane bundle 1 over X
() = [U) € im(H"(T(n)) — H"(X)) .

Reformulation of McCrory’s Theorem:
an n-dimensional Poincaré complex X is a homology manifold if and only if
V € H"(X x X) is the image of Thom class U € H"(T(rx)), in which case

X(X)=e(rx) e H"(X)=17Z.

23. DEGREE 1 MAPS

A map f: M — X of n-dimensional Poincaré complexes has degree 1 if

fulM] = [X] € Hn(X) .

e A homology equivalence has degree 1.
e The Umkehr Z-module chain map of a degree 1 map f: M — X

FlAX) = AX) L A~ A(M)

is such that ff' ~1:A(X) — A(X).
A degree 1 map f is a homology equivalence if and only if

flf~1:AM)— AM),
if and only if
(f'® FHALX] = A [M] € Hy(M x M) .
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24. THE DOUBLE POINT SET

e Does a degree 1 map of n-dimensional homology manifolds f : M — X have
acyclic point inverses?
e Obstruction in homology of double point set

(fx ' Aax ={(z,y) € M x M| f(z) = f(y) € X}.
e Define maps
i:M— (fx ) *Ax ; a— (a,a),
Jo(fx N7 Ax = X5 (2y) = fl@) = f(y)

such that f=ji: M — X.
e The Umkehr map
GUiHL(X) 2 HM(X x X, X x X\Ax)
— H™(M x M, M x M\(f x f)"'Ax)

~ H,((f x f)"'Ax) (Lefschetz duality)
is such that j,j' = 1.

25. LEFSCHETZ

e Lefschetz duality: If W is an m-dimensional homology manifold and A C W
is a subcomplex then

H* (W, W\A) 2 H,,_(A) .

e Proof: For any regular neighbourhood (V,0V) of A in W there are defined
isomorphisms

H*(W,W\A) =2 H*(W,W\V) (homotopy invariance)
=~ H*(W,W\V) (collaring)
>~ H*(V,0V) (excision)
>~ H,,—.(V) (Poincaré-Lefschetz duality)

>~ H,,—.(A) (homotopy invariance).

e Alexander duality is the special case W = S™.

26. AcycLIC POINT INVERSE THEOREM

Theorem A degree 1 map f: M — X of n-dimensional homology
manifolds has acyclic point inverses if and only if

Z*[M} :j![X] € Hn((f X f)_lAX) :

e Equivalent conditions:
— Uy Hn(M) = Hn((f X f)_lAX) )
v HLM) = H(f x ) Ax)
— HI((f x /7 Ax\Am) = 0.
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e Conditions satisfied if f : M — X is injective, with
(fx N)'Ax = A .
e In general, i, # j'f. and i.[M] # j'[X] .

27. PROOF OF THEOREM - PART I

e A simplicial map f : M — X’ has acyclic point inverses if and only if f :
A(M) — A(X’) is a (Z, X)-module chain equivalence.

e For degree 1 map f : M — X' of n-dimensional homology manifolds define
the Umkehr (Z, X )-module chain map

Flo AKX ~ AKX L A~ AM)
e f'is a chain homotopy right inverse for f
ffli~1: AKX — AXY) .
e f'is also a chain homotopy left inverse for f if and only if

ff =1 € Hy(Homz x)(A(M), A(M))) .

28. PROOF OF THEOREM - PART II
e Use the (Z, X)-Poincaré duality
A(M)" ™ ~ A(M)
and the properties of chain duality in A(Z, X) to identify
1= M), f'f = J'X] € Ho(Hom, x)(A(M), A(M)))

= Ho(Homz x)(A(M)"™*, A(M)))
= Hp(A(M) ®z,x) A(M))

= Ho((f x f)"'Ax) .

29. COHOMOLOGY VERSION OF THEOREM

Theorem™ A degree 1 map f : M — X of n-dimensional homology
manifolds has acyclic point inverses if and only if the Thom classes Uy; €

H"(M x M, M x M\Ap), Ux € H"(X x X, X x X\Ax) have the same
image in H™(M x M, M x M\(f x f)"'Ax).

e Same proof as homology version, after Lefschetz duality identifications
Uy = [M] S Hn(M X M,M X M\A]w) = HH(M) s
Ux =[X]e H"(X x X, X x X\Ax) = H,(X) ,
H™(M x M, M x M\(f x f)"'Ax) = Ho((f x [ Ax) -
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30. THE DOUBLE POINT OBSTRUCTION

The double point obstruction of a degree 1 map f : M — X of homology
manifolds

i-[M] = j'[X] € Ha((f x /)™ Ax)
is 0 if and only if f has acyclic point inverses.
The obstruction has image

X(M) = x(X) € H"(M) =Z.
If f is covered by a map of homology tangent bundles

b: (M x M,Mx M\Ay) — (X x X, X x X\Ax)
then

— Uy =b"Ux € H*(M x M, M x M\Ayp),
— the double point obstruction is 0, and f has acyclic point inverses.

31. NORMAL MAPS

A degree 1 map f : M — X of n-dimensional homology manifolds is normal
if it is covered by a map b : Ta;y @€ — Tx B €™ of the stable tangent bundles.
The stable map of Thom spaces
T(b): T (1) — T (1x)
induces a map in cohomology
T(b)* : H(T(rx)) = H"(X x X, X x X\Ax)
— H™(T(rar)) = H"(M x M, M x M\Ay)
which sends the Thom class Ux to Upy.

However, Theorem* may not apply to a normal map (f,b) : M — X, since in
general

(f x f)* # (inclusion)*T'(b)* : H™(T(7x))
— H™(M x M, M x M\(f x f)"'Ax)

(dual of i, # j'f.).

32. THE SURGERY OBSTRUCTION

The Wall surgery obstruction of a degree 1 normal map (f,b) : M — X of
n-dimensional homology manifolds

0 (f,b) € Ln(Z[m1(X)])

is 0 if (and for n > 5 only if) (f, ) is normal bordant to a homotopy equiva-
lence.

A degree 1 map f: M — X with acyclic point inverses is a normal map with
zero surgery obstruction.

What is the relationship between the double point obstruction of a degree 1
normal map (f,b) : M — X and the surgery obstruction?

Use chain level surgery obstruction theory:

A Ranicki, The algebraic theory of surgery, Proc. Lond. Math. Soc. (3) 40,
87-283 (1980)
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33. QUADRATIC POINCARE COMPLEXES

The simply-connected surgery obstruction o.(f,b) € L, (Z) is the cobordism
class of the n-dimensional quadratic Poincaré complex

(C,9) = (C(f), (e @ e)ihy)

where
— e: A(M) — C(f") is the inclusion in the algebraic mapping cone of the
Z-module chain map f': A(X) — A(M),
— the quadratic structure v is the image of

Py € Hn(EXg X5, (M x M)) = Hy(W @zjz,) (A(M) @z AM))) ,

— EY5 = 5%, a contractible space with a free Ys-action,
— W = A(EX)).
There is also a Z[m (X)]-version.

34. THE DOUBLE POINT AND SURGERY OBSTRUCTIONS - PART I

For any degree 1 map f: M — X of n-dimensional homology manifolds the
composite of

inf =t Ho(X) — Ho((f x )" Ax)
and H,((f x f)"'Ax) — H,(M x M) is
Acft = (F @ fHAL  Ho(X) — Hy (M x M) .
For a degree 1 normal map (f,b) : M — X
Hu((f x /)71 Ax) — Ho(M x M)
sends the double point obstruction i.[M] — j'[X] to
(1+ Ty = AM] = (f' @ f)AL[X] € Hy(M x M) .

(1 +T)yp = 0 if and only if f is a homology equivalence.

35. THE DOUBLE POINT AND SURGERY OBSTRUCTIONS - PART II

A degree 1 normal map (f,b) : M — X of n-dimensional homology manifolds
determines the X-controlled quadratic structure

Ypx € Ho(EX2 x5, (f x )" Ax)
=H,(W ®z[5] (A(M) Q(z,x) A(M))) .

1y, x has images
— the quadratic structure

[y, x] = ¥ € Hp(ES2 x5, (M x M)) ,
— the double point obstruction

(1+T)po,x = i[M] = j'[X] € Ha((f x )" Ax) .
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36. THE NORMAL INVARIANT

e The X-controlled quadratic Poincaré cobordism class
o (£,0) = (C(f), (e ® e)hn.x) € Lu(A(Z, X)) = Hy(X;La(Z))
is the normal invariant of an n-dimensional degree 1 normal map (f,b) : M —
X.
e 0X(f,b) = 0if (and for n > 5 only if) (f,b) is normal bordant to a map with
acyclic point inverses.

e The non-simply-connected surgery obstruction of (£, b) is the assembly of the
normal invariant

U*(f7 b) = AU*X(fv b) € Ln(Z[Trl(X)D :

37. HoM AND DERIVED HOM

e For (Z, X)-modules A, B the additive group Homz, x)(A, B) does not have a
natural (Z, X)-module structure, but the chain duality determines a natural
(Z, X )-module resolution.

e Derived Hom of (Z, X)-module chain complexes C, D

RHOIH(ZJQ(C, D) = T(C) Q(z,X) D .
e Adjoint properties:
RHOHI(Zx) (C, D) ~7 HOI’II(Z7x) (C, D)
RHOIH(Zx)(T(C), D) ~(z,X) C Az, x) D .

e D = A(X’) is the dualizing complex for chain duality
T(C) :(Z,X) RHOIH(Zx)(C, A(X/))

as for Verdier duality in sheaf theory.

38. WHEN IS A POINCARE COMPLEX HOMOTOPY EQUIVALENT TO A MANIFOLD?

e Every n-dimensional topological manifold is homotopy equivalent to an n-
dimensional Poincaré complex

e Is every n-dimensional Poincaré complex homotopy equivalent to an n-dimensional
topological manifold?

e From nowonn > 5

e Browder-Novikov-Sullivan-Wall obstruction theory has been reformulated in
terms of chain duality

— the total surgery obstruction.

39. BROWDER-NOVIKOV-SULLIVAN-WALL THEORY

e An n-dimensional Poincaré complex X is homotopy equivalent to an n-dimensional
topological manifold if and only if
1. the Spivak normal fibration of X admits a topological reduction,
2. there exists a reduction such that the corresponding normal map (f,b) :
M — X has surgery obstruction

0.(f,0) = 0 € Ly (Z[m (X)]) .
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40. ALGEBRAIC POINCARE COBORDISM

= ring with involution.
n(A) = Wall surgery obstruction group
= the cobordism group of n-dimensional quadratic Poincaré
complexes over A
— n-dimensional f.g. free A-module chain complexes C' with

H™*(C) = H,(C) ,
— uses ordinary duality

C"* = Homp(C,A)sp .

o A
o L

41. ASSEMBLY

e X = connected simplicial complex
- X = universal cover
— p: X — X covering projection.
e Assembly functor

A A(Z,X) = {(Z,X)-modules} — A(Z[r1(X)]) = {Z[m1(X)]-modules} ;

M=y Mo)—MX)= 3 M(@ps) .
ceX FeX
e The assembly A(T(M)) of dual (Z, X)-module chain complex

T(M) ~z Hom x)(M,A(X"))
is chain equivalent to dual Z[r(X)]-module
M(X)* = Homgr, (x)(M(X), Z[r1(X)]) -
42. THE ALGEBRAIC SURGERY EXACT SEQUENCE
e For any simplicial complex X exact sequence
c = Hy (X5 La(2)) 2 L(Z[m1(X)]) = Su(X) = Hy 1(X;5La(2)) — ..

with

e A = assembly,
e L,(Z) = the 1-connective simply-connected surgery spectrum

= (La(Z) = L.(Z)
e H,(X;L.(Z)) = generalized homology group

— cobordism group of n-dimensional quadratic Poincaré (Z, X )-module com-

plexes C ~ T(C)"~*
— uses chain duality

T(C)n_* ~(z,X) RHOIH(Zx)(C,A(X/))*_n.

43. THE STRUCTURE GROUP

e X = simplicial complex.

) = structure group.

) = cobordism group of

— (n — 1)-dimensional quadratic Poincaré (Z, X)-module complexes
— with contractible Z[r1(X)]-module assembly.

o S, (X
o S, (X
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44. LOCAL AND GLOBAL POINCARE DUALITY

e X = n-dimensional Poincaré complex.
e The cap product [X]N—: AX)"* — A(X'):
— is a (Z, X)-module chain map,
— assembles to Z[mr1(X)]-module chain equivalence

[(X]N—: AX)"* — AX') .
e The algebraic mapping cone
C = C(IX]N—:AX)"* = AX"))s1

— is an (n — 1)-dimensional quadratic Poincaré (Z, X )-module
complex,
— with contractible Z[m1(X)]-assembly.
e X is a homology manifold if and only if C' is (Z, X )-contractible.

45. THE TOTAL SURGERY OBSTRUCTION

e X = n-dimensional Poincaré complex.
e The total surgery obstruction of X is the cobordism class
$(X) = C(IX]N —)u—1 € Sp(X) .

e Theorem 1: X is homotopy equivalent to an n-dimensional topological man-
ifold if and only if s(X) =0 € S, (X).

e Theorem 2: A homotopy equivalence f : M — N of n-dimensional topolog-
ical manifolds has a total surgery obstruction s(f) € S,,+1(V) such that f is
homotopic to a homeomorphism if and only if s(f) = 0.

— Should also consider Whitehead torsion.
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